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The paper deals with one of the applied problems in the design and modernization of the distribution
points of the various services (eg, gas, oil, and water) � the problem of the optimal distribution
of production and distribution of resources between consumers and suppliers, taking into account a
variety of restrictive conditions. In this regard, the topic under consideration, relating to the design and
development of the mathematical apparatus to describe, analyze, and optimize network engineering
maintenance vehicle type is relevant.

In this paper, engineering support network is seen as a hierarchical system of the vehicle type,
two-stage, respectively solved the problem of accommodation with a nonlinear objective function. It is
assumed that resources (oil, gas, water, etc.) are transferred in this system from producers to consumers
through processing by points connections (transport channels). Such systems are characterized by the
presence of so-called �xed costs to be made regardless of the target volume production and processing
(gas, oil, etc.). The account in the models of these and similar factors leads to the appearance of
their objective functions that do not possess the property of continuity. Therefore, the problem of
resource allocation in hierarchical networks, is seen as a two-stage problem of placing items resource
production and distribution with discontinuous objective function. This class of problems, which bears
the character of multi considerably complicates the search for an extremum of the objective function,
and can not be solved in the general case. Thus, there is a need to develop a new method of solving
the problem, when the functions that determine the cost of production, transportation and processing
of products are non-linear.

In this regard, the aim of this work is to develop new mathematical models and methods for analysis
and optimization of engineering support transport-type networks with a hierarchical structure. The goal
is achieved as a result of research and development of the mathematical apparatus and optimization
techniques for the design and optimization of engineering support such as transport networks, taking
into account the various restrictive conditions of feasibility, natural, environmental, situational and
character, as well as legal and budgetary constraints of the region.

Note that the distribution of production and resource allocation problems have a wide range of
applications that arise when designing of engineering networks for di�erent purposes, in problems of
logistics facilities and power systems, planning and reconstruction transport-type networks, routing
service networks and other areas.

The paper studied and proved a su�cient condition for the applicability of the method of successive
two-step calculation for the problem of locating the production and processing of non-linear functions of
transport, operating costs and expenses for processing at various restrictive conditions. A combinatorial
method for optimizing the placement based on the method of consecutive calculations, which allows
to calculate the best option to deploy elements of communications and network engineering plan
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(volume) of the transported goods from sources to consumers by the criterion of minimum total cost
of production of the raw material, its processing and transportation. The proposed method makes it
possible, though, and by the partial sorting, �nding the global extremum multiextremal problem with
any degree of accuracy.

The proposed methods and models allow to carry out a reliable analysis and optimization of
engineering support networks and can be used in the design organizations involved in the design,
construction and operation of networks for di�erent purposes.

Key words: networks location problem, the method of successive calculations, placement plan,
the optimal output of production.
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Â ðàáîòå ðàññìàòðèâàåòñÿ îäíà èç ïðèêëàäíûõ ïðîáëåì â îáëàñòè îïòèìèçàöèè ïóíêòîâ ðàñ-
ïðåäåëåíèÿ ðàçëè÷íûõ óñëóã (íàïðèìåð, ãàçî-, íåôòå-, è âîäîñíàáæåíèÿ) � ïðîáëåìà îïòè-
ìàëüíîãî ðàçìåùåíèÿ ïðîèçâîäñòâ è ðàñïðåäåëåíèÿ ðåñóðñîâ ìåæäó ïîòðåáèòåëÿìè è ïîñòàâ-
ùèêàìè ñ ó÷åòîì ðàçëè÷íûõ îãðàíè÷èòåëüíûõ óñëîâèé. Ðàöèîíàëüíîå ðàçìåùåíèå ýëåìåíòîâ
ñåòåé èíæåíåðíûõ êîììóíèêàöèé ïî ïåðåðàáîòêå è ðàñïðåäåëåíèþ ðåñóðñîâ ìåæäó ïîòðåáè-
òåëÿìè ÿâëÿåòñÿ ñëîæíîé òåõíèêî-ýêîíîìè÷åñêîé çàäà÷åé. Ïðè åå ðåøåíèè íåîáõîäèìî ó÷åñòü
íå òîëüêî ðåñóðñíûå îãðàíè÷åíèÿ, íî ïëàí ïåðåðàáîòêè è ðàñïðåäåëåíèÿ ðåñóðñîâ ìåæäó ïî-
òðåáèòåëÿìè, îáåñïå÷èâàþùèå ýôôåêòèâíóþ ñõåìó ôóíêöèîíèðîâàíèÿ ïðîåêòèðóåìîé ñåòè. Â
ðàáîòå ðàññìàòðèâàåòñÿ çàäà÷à îïòèìàëüíîãî ðàñïðåäåëåíèÿ îäíîðîäíîãî ðåñóðñà â èåðàðõè÷å-
ñêèõ ñåòÿõ è åå ðåøåíèå ìåòîäîì ïîñëåäîâàòåëüíûõ ðàñ÷åòîâ. Ïðåäëàãàåìûé ìåòîä ïîçâîëÿåò,
õîòÿ è ïîñðåäñòâîì ÷àñòè÷íîãî ïåðåáîðà, íàõîäèòü ãëîáàëüíûé ýêñòðåìóì ìíîãîýêñòðåìàëü-
íîé çàäà÷è ñ âûñîêîé ñòåïåíüþ òî÷íîñòè.

Êëþ÷åâûå ñëîâà: ñåòè, çàäà÷à ðàçìåùåíèÿ, ìåòîä ïîñëåäîâàòåëüíûõ ðàñ÷åòîâ, ïëàí ðàç-
ìåùåíèÿ, îïòèìàëüíûé îáúåì ïðîèçâîäñòâà.

Ââåäåíèå. Èíæåíåðíàÿ êîììóíèêàöèÿ � ýòî ñëîæíûé òåððèòîðèàëüíî-
ðàñïðåäåëåííûé êîìïëåêñ, êîòîðûé âûïîëíÿåò òàêèå æèçíåííî âàæíûå ôóíêöèè,
êàê îáåñïå÷åíèå ïîòðåáèòåëåé ýíåðãåòè÷åñêèìè è âîäíûìè ðåñóðñàìè, ñðåäñòâàìè ñâÿçè,
èíôîðìàöèåé, ìàðøðóòíîé ñåòüþ, òðàíñïîðòîì è äðóãèìè óñëóãàìè. Îíà âêëþ÷àåò
ìåñòíûå îðãàíû âëàñòè, õîçÿéñòâóþùèå ñóáúåêòû è ïîòðåáèòåëåé, à òàêæå ðàññìàòðèâàåò
õàðàêòåð âçàèìîîòíîøåíèé ìåæäó íèìè.

Îòìåòèì, ÷òî ñ ðîñòîì ìàñøòàáà ãîðîäîâ ñòðåìèòåëüíî óâåëè÷èâàþòñÿ îáúåìû öåëå-
âîé ïðîäóêöèè (èíôîðìàöèè, ýíåðãèè, ïðîäóêòà), ïîòðåáëÿåìîé â ïðîìûøëåííîñòè, ñåëü-
ñêîì õîçÿéñòâå è êîììóíàëüíî-áûòîâîì îáñëóæèâàíèè íàñåëåíèÿ. Â ñâÿçè ñ ýòèì âîçíèêà-
åò íåîáõîäèìîñòü ïðîåêòèðîâàíèÿ íîâûõ èëè ìîäåðèíèçàöèÿ ñóùåñòâóþùèõ èíæåíåðíûõ
êîììóíèêàöèé (âîäîïðîâîäû, ãàçîïðîâîäû, íåôòåïðîâîäû, ýëåêòðè÷åñêèå è òåëåêîììó-
íèêàöèîííûå ñåòè, ñåòè àâòîìîáèëüíûõ è æåëåçíûõ äîðîã, ïóòè àâèàñîîáùåíèé è äð.),
êîòîðûå äîëæíû îáåñïå÷èâàòü ïåðåäà÷è öåëåâîãî ïðîäóêòà îò èñòî÷íèêîâ ê íîâûì ïîòðå-
áèòåëÿì.

Â íàñòîÿùåå âðåìÿ ñóùåñòâóåò áîëüøîå êîëè÷åñòâî ðàáîò, ñâÿçàííûõ ñ ïðîåêòèðîâàíè-
åì è ñòðîèòåëüñòâîì ñåòåé ðàçëè÷íîãî íàçíà÷åíèÿ. Â ÷àñòíîñòè, â [1, 2] ðàññìàòðèâàþòñÿ
âîïðîñû ïîèñêà îïòèìàëüíûõ ìàðøðóòîâ äëÿ ïðîêëàäêè èíæåíåðíûõ ñåòåé ðàçëè÷íîãî
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íàçíà÷åíèÿ, â [3, 4] � çàäà÷è ðàçìåùåíèÿ îáúåêòîâ ñòðîèòåëüñòâà íà çàäàííîé òåððèòî-
ðèè, â [5, 6] � âîçìîæíîñòü ïðèìåíåíèÿ ÃÈÑ-òåõíîëîãèé â òðàññèðîâàíèè è ðàçìåùåíèå
ëèíåéíûõ îáúåêòîâ, à â [7] � ïðèìåíåíèÿ ñïëàéíîâ â îïòèìèçàöèè òðàññèðîâàíèÿ àâòîìî-
áèëüíûõ äîðîã. Êðîìå òîãî, çàäà÷è ðàçìåùåíèÿ ïðîèçâîäñòâà è ðàñïðåäåëåíèÿ ðåñóðñîâ
âîçíèêàþò è â äðóãèõ ñìåæíûõ îáëàñòÿõ, òàêèõ êàê ðàçìåùåíèå ëîãèñòè÷åñêèõ îáúåêòîâ
[8] è ñèñòåì ýíåðãîñíàáæåíèÿ [9], ïëàíèðîâàíèå è ðåêîíñòðóêöèÿ ñåòåé òðàíñïîðòíîãî òèïà
[10], à òàêæå â ìàðøðóòèçàöèè ñåòåé îáñëóæèâàíèÿ [11].

Âî âñåõ ýòèõ ðàáîòàõ ñåòè èíæåíåðíûõ êîììóíèêàöèé ðàññìàòðèâàþò êàê äâóìåðíûé
îáúåêò, ðàçìåùåííûé íà ïëîñêîñòè. Òàêîå äâóìåðíîå ïðåäñòàâëåíèå ñåòåé, ñ íàøåé òî÷êè
çðåíèÿ, íå ñîîòâåñòâóåò ðåàëüíîñòè, ïîñêîëüêó îñíîâå ïðîåêòèðîâàíèÿ è ñòðîèòåëüñòâà
ñåòåé ëåæèò âçàèìîäåéñòâèå íå ìåíåå ÷åì äâóõ îáúåêòîâ. Äðóãèìè ñëîâàìè, â îòëè÷èå îò
ïðåäøåñòâåííèêîâ, â íàñòîÿùåé ðàáîòå ñåòè èíæåíåðíîãî îáåñïå÷åíèÿ ðàññìàòðèâàþòñÿ
êàê èåðàðõè÷åñêàÿ ñèñòåìà òðàíñïîðòíîãî òèïà, â êîòîðîé ðåñóðñû (ãàç, íåôòü, âîäà è
ò. ï.) ïåðåäàþòñÿ îò ïðîèçâîäèòåëåé ê ïîòðåáèòåëÿì ÷åðåç ïóíêòû ïåðåðàáîòêè ïîñðåä-
ñòâîì ñâÿçåé (òðàíñïîðòíûõ êàíàëîâ). Òàêèå ñèñòåìû õàðàêòåðèçóþòñÿ íàëè÷èåì òàê íà-
çûâàåìûõ ïîñòîÿííûõ çàòðàò, êîòîðûå äîëæíû áûòü ïðîèçâåäåíû íåçàâèñèìî îò îáúåìà
ïðîèçâîäñòâà è ïåðåðàáîòêè öåëåâîé ïðîäóêöèè (ãàç, íåôòü, âîäà è ò. ï.). Ó÷åò â ìîäåëÿõ
ýòèõ è ïîäîáíûõ ôàêòîðîâ ïðèâîäèò ê ïîÿâëåíèþ â íèõ öåëåâûõ ôóíêöèé, íå îáëàäàþùèõ
ñâîéñòâîì íåïðåðûâíîñòè. Ïîýòîìó çàäà÷à ðàñïðåäåëåíèÿ ðåñóðñîâ â èåðàðõè÷åñêèõ ñåòÿõ
ðàññìàòðèâàåòñÿ êàê äâóõýòàïíàÿ çàäà÷à ðàçìåùåíèÿ ïóíêòîâ ïðîèçâîäñòâà è ðàñïðåäå-
ëåíèÿ ðåñóðñîâ ñ ðàçðûâíîé öåëåâîé ôóíêöèåé. Òàêîé êëàññ çàäà÷, íîñÿùèé ìíîãîýêñ-
òðåìàëüíûé õàðàêòåð, ñóùåñòâåííî çàòðóäíÿåò ïîèñê ýêñòðåìóìà öåëåâîé ôóíêöèè è íå
ïîääàåòñÿ ðåøåíèþ â îáùåì ñëó÷àå. Â ñâÿçè ñ ýòèì âîçíèêàåò íåîáõîäèìîñòü ðàçðàáîòêè
íîâîãî ìåòîäà ðåøåíèÿ çàäà÷è, êîãäà ôóíêöèè, îïðåäåëÿþùèå çàòðàòû íà ïðîèçâîäñòâî,
òðàíñïîðòèðîâêó è ïåðåðàáîòêó ïðîäóêöèè, ÿâëÿþòñÿ íåëèíåéíûìè, à ñòðóêòóðà ïðîåê-
òèðóåìîé ñåòè èìååò èåðàðõè÷åñêèé õàðàêòåð.

1. Ïîñòàíîâêà çàäà÷è. Êðóïíàÿ êîìïàíèÿ â ðåãèîíå èìååò m ïóíêòîâ ïðîèçâîäñòâà
ñûðüÿ Ai, i = 1, 2, . . . ,m, ñ èñêîìûìè îáúåìàìè ïðîèçâîäñòâà xi, 0 6 xi 6 ai, i = 1, 2, . . . ,m,
è n âîçìîæíûõ ïóíêòîâ ïåðåðàáîòêè ýòîãî ñûðüÿ Bj, ñ îáúåìàìè ïåðåðàáîòêè yj, 0 6 yj 6
Qj, j = 1, 2, . . . , n.

Ñîãëàñíî äîãîâîðó, ñûðüå, ïåðåðàáîòàííîå íà ýòèõ ïðåäïðèÿòèÿõ, â ñâîþ î÷åðåäü äîëæ-
íî äîñòàâëÿòüñÿ íà P ïóíêòû ïîòðåáèòåëåé Ïk, k = 1, 2, . . . , p ñ èçâåñòíûìè îáúåìàìè
ïîòðåáíîñòè ðàâíîé, bk, k = 1, 2, . . . , p.

Áóäåì ñ÷èòàòü, ÷òî âñå ñâåäåíèÿ î ðàçìåðàõ ïðîèçâîäñòâà ñûðüÿ, åãî ïåðåðàáîòêè è
ïîòðåáëåíèÿ ïðèâåäåíû ê îäíîé åäèíèöå èçìåðåíèÿ.

Äëÿ êàæäîãî âîçìîæíîãî ïóíêòà ïåðåðàáîòêè Bj, j = 1, 2, . . . , n èçâåñòíà ôóíêöèÿ
ψj(yj), êîòîðàÿ îïðåäåëÿåò çàòðàòû íà ïåðåðàáîòêó ñûðüÿ îáúåìîì yj, j = 1, 2, . . . , n. Êðî-
ìå òîãî, äëÿ êàæäîãî ïóíêòà ïðîèçâîäñòâà ñûðüÿ Ai, i = 1, 2, . . . ,m, èçâåñòíà ôóíêöèÿ
ϕi(xi), êîòîðàÿ îïðåäåëÿåò çàòðàòû íà ïðîèçâîäñòâî ñûðüÿ îáúåìîì xi, i = 1, 2, . . . ,m, à
òàêæå èçâåñòíû ôóíêöèè ϕij(xij), i = 1, 2, . . . ,m, j = 1, 2, . . . , n, ψik(yik), j = 1, 2, . . . , n, k =
1, 2, . . . , p, îïðåäåëÿþùèå ìàòðèöó òðàíñïîðòíûõ ðàñõîäîâ.

Òðåáóåòñÿ îïðåäåëèòü îïòèìàëüíûé ïëàí ðàçìåùåíèÿ ïåðåðàáàòûâàþùèõ ïðåäïðèÿ-
òèé, ïëàí xij > 0, ïåðåâîçêè ñûðüÿ íà ïåðåðàáàòûâàþùèå ïðåäïðèÿòèÿ è ïëàí yjk > 0
ðàñïðåäåëåíèÿ ïåðåðàáîòàííîãî ñûðüÿ ìåæäó ïîòðåáèòåëÿìè, ìèíèìèçèðóþùèå ñóììàð-
íûå çàòðàòû íà ïðîèçâîäñòâî ñûðüÿ, åå ïåðåðàáîòêó è òðàíñïîðòèðîâêó.
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2. Ìàòåìàòè÷åñêàÿ ìîäåëü. Èçëîæåííàÿ ïðîáëåìà ìîæåò áûòü ïðåäñòàâëåíà ñëå-
äóþùåé ýêñòðåìàëüíîé çàäà÷åé: íàéòè ìèíèìóì

L(x, y) =
m∑
i=1

n∑
j=1

ϕij(xij) +
m∑
i=1

ϕi(xi) +
n∑
j=1

p∑
k=1

ψjk(yjk) +
n∑
j=1

ψj(yj) (1)

ïðè óñëîâèÿõ
n∑
j=1

xij = xi 6 ai, i = 1, 2, . . . ,m, (2)

m∑
i=1

xij =

p∑
k=1

yjk = yj 6 Qj, j = 1, 2, . . . , n, (3)

n∑
j=1

yjk = bk, k = 1, 2, . . . , p, (4)

xi > 0, xij > 0, i = 1, 2, . . . ,m, j = 1, 2, . . . , n, (5)

yj > 0, yjk > 0, j = 1, 2, . . . , n, k = 1, 2, . . . , p, (6)

ãäå x = |xij|m,n, y = |yjk|n,p. Ïðåäïîëàãàåòñÿ, ÷òî

0 6
p∑

k=1

bk 6
n∑
j=1

Qj, 0 6
p∑

k=1

bk 6
m∑
i=1

ai. (7)

Ðàññìîòðèì ñïîñîá ðåøåíèÿ çàäà÷è (1)�(7) â ñëó÷àå, êîãäà ôóíêöèè ϕij(xij) = cijxij, i =
1, 2, . . . ,m, j = 1, 2, . . . , n, ϕi(xi) = cixi, xi ∈ [0, ai], i = 1, 2, . . . ,m; ψjk(yjk) � âûïóêëûå
âîçðàñòàþùèå ôóíêöèè ïî yjk ∈ [0, bk], j = 1, 2, . . . , n, k = 1, 2, . . . , p, à ψj(yj) = ψj(yj) +
Tjθ(yj), j = 1, 2, . . . , n, ãäå ψj(yj) � âûïóêëàÿ âîçðàñòàþùàÿ ôóíêöèÿ ïî yj ∈ (0, Qj], j =
1, 2, . . . , n.

Â ýòîì ñëó÷àå çàäà÷à (1)�(6) ïðèìåò âèä íàéòè ìèíèìóì

L(x, y) =
m∑
i=1

n∑
j=1

cijxij +
n∑
j=1

p∑
k=1

ψjk(yjk) +
n∑
j=1

ψj(yj) + Tjθ(yj), (8)

ïðè óñëîâèÿõ
n∑
j=1

xij 6 ai, i = 1, 2, . . . ,m, (9)

m∑
i=1

xij =

p∑
k=1

yjk = yj 6 Qj, j = 1, 2, . . . , n, (10)

n∑
j=1

yjk = bk, k = 1, 2, . . . , p, (11)

xij > 0, i = 1, 2, . . . ,m, j = 1, 2, . . . , n, (12)
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yj > 0, yjk > 0, j = 1, 2, . . . , n, k = 1, 2, . . . , p, (13)

ãäå cij = cij + ci, i = 1, 2, . . . ,m, j = 1, 2, . . . , n.
Èç (8)�(13) ëåãêî çàìåòèòü, ÷òî ôóíêöèè ψj(yj), j = 1, 2, . . . , n ðàçðûâíûå â íà÷àëå

êîîðäèíàò. Ýòî îáñòîÿòåëüñòâî ñèëüíî çàòðóäíÿåò íàõîæäåíèå ãëîáàëüíîãî ìèíèìóìà çà-
äà÷è, òàê êàê ëîêàëüíûé ìèíèìóì íå ìîæåò ñîâïàäàòü ñ ãëîáàëüíûì. Ïîýòîìó äëÿ çàäà÷è
(8)�(13) ñòàíäàðòíûé ìåòîä ðåøåíèÿ ïðåîáðàçóåì ê êîìáèíàòîðíûì ìåòîäàì ñ èñïîëüçî-
âàíèåì ìåòîäà ïîñëåäîâàòåëüíûõ ðàñ÷åòîâ [12] è èäåé, ïðåäëîæåííûõ â [14, 15].

3. Ìåòîä ïîñëåäîâàòåëüíûõ ðàñ÷åòîâ. Ïðåîáðàçóåì çàäà÷ó (8)�(13) ê ñëåäóþùåìó
âèäó:

L(x, y) =
m∑
i=1

n+1∑
j=1

cijxij +
n+1∑
j=1

p∑
k=1

ψjk(yjk) +
n+1∑
j=1

ψj(Qj − ζj) + Tjθ(Qj − ζj) (14)

ïðè óñëîâèÿõ

n+1∑
j=1

xij = ai, i = 1, 2, . . . ,m, (15)

m∑
i=1

xij =

p∑
k=1

yjk = Qj − ζj, j = 1, 2, . . . , n+ 1, (16)

n+1∑
j=1

yjk = bk, k = 1, 2, . . . , p, (17)

xij > 0, i = 1, 2, . . . ,m, j = 1, 2, . . . , n+ 1, (18)

ζj > 0, yjk > 0, j = 1, 2, . . . , n+ 1, k = 1, 2, . . . , p, (19)

ãäå Qn+1 =
∑m

i=1 ai −
∑p

k=1 bk, ci,n+1 = 0, i = 1, 2, . . . ,m, cj,n+1 =

{
M, j = 1, 2, . . . , n,

0, j = n+ 1,

ψn+1,k(yn+1,k) =M,k = 1, 2, . . . , p, ψn+1(Qn+1 − ζn+1) = 0,

Tn+1 = 0, θ(θj − ζj) =

{
0, ζj = Qj,

1, ζj < Qj, j = 1, 2, . . . , n, n+ 1.

Îáîçíà÷èì ÷åðåç J = {1, 2, . . . , n, n+1} ìíîæåñòâî, ñîñòîÿùåå èç n+1 èíäåêñîâ ïåðåðà-
áàòûâàþùèõ ïðåäïðèÿòèé Bj, j = 1, 2, . . . , n, n+1, à ÷åðåç δ � ïðîèçâîëüíûå ïîäìíîæåñòâî
ìíîæåñòâà J . Â äàëüíåéøåì áóäåì ñ÷èòàòü, ÷òî n+1 ÿâëÿåòñÿ ýëåìåíòîì ëþáîãî ïîäìíî-
æåñòâà δ ⊂ J . Òîãäà íà êàæäîì ïîäìíîæåñòâå δ ⊂ J ìîæåò áûòü îïðåäåëåíî ìèíèìàëüíîå
çíà÷åíèå P (δ) ñîãëàñíî ôîðìóëå:

P (δ) = m
x,y
in

{
m∑
i=1

∑
δ⊂J

cijxij +
∑
δ⊂J

p∑
k=1

ψjk(yjk) +
∑
δ⊂J

ψj(Qj − ζj) +
∑
δ⊂J

Tj

}
(20)

ïðè óñëîâèÿõ ∑
δ⊂J

xij = ai, i = 1, 2, . . . ,m, (21)
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m∑
i=1

xij =

p∑
k=1

yjk = Qj − ζj, j ∈ δ, (22)

∑
δ⊂J

yjk = bk, k = 1, 2, . . . , p, (23)

xij > 0, i = 1, 2, . . . ,m, j ∈ δ, (24)

ζj > 0, yjk > 0, j ∈ δ, k = 1, 2, . . . , p, (25)

Òîãäà èñõîäíàÿ çàäà÷à ìîæåò áûòü ñôîðìóëèðîâàíà ñëåäóþùèì îáðàçîì: òðåáóåòñÿ
îïðåäåëèòü ïîäìíîæåñòâî δ∗ ⊂ J , íà êîòîðîì P (δ) äîñòèãëà áû ñâîåãî íàèìåíüøåãî çíà-
÷åíèÿ P (δ∗), ò. å. íàéòè

P (δ∗) = m
δ⊂J

inP (δ). (26)

Êàê èçâåñòíî èç [12], äîñòàòî÷íîå óñëîâèå ïðèìåíèìîñòè ìåòîäà ïîñëåäîâàòåëüíûõ
ðàñ÷åòîâ äëÿ íàõîæäåíèÿ m

δ⊂J
inP (δ) èìååò âèä

s(δ1,δ2) = p(δ1) + p(δ2)− p(α)− p(β) 6 0, (27)

ãäå δ1, δ2 � ïðîèçâîëüíûå ïîäìíîæåñòâà ìíîæåñòâà J, α = δ1
⋃
δ2, β = α = δ1

⋂
δ2.

Äëÿ çàäà÷è (26) óñëîâèå (27) çàíèìàåòñÿ â âèäå

s(δ1,δ2) = m
x,y
in

{∑
j∈δ1

m∑
i=1

cijxij +
∑
j∈δ1

(
p∑

k=1

ψjk(yjk) + ψj(Qj − ζj) + Tj

)}
+

+m
x,y
in

{∑
j∈δ2

m∑
i=1

cijxij +
∑
j∈δ2

(
p∑

k=1

ψjk(yjk) + ψj(Qj − ζj) + Tj

)}
−

−m
x,y
in

{∑
j∈α

m∑
i=1

cijxij +
∑
j∈α

(
p∑

k=1

ψjk(yjk) + ψj(Qj − ζj) + Tj

)}
−

−m
x,y
in

{∑
j∈β

m∑
i=1

cijxij +
∑
j∈β

(
p∑

k=1

ψjk(yjk) + ψj(Qj − ζj) + Tj

)}
6 0. (28)

Èç ââåäåíèÿ ìíîæåñòâ α è β ëåãêî çàìåòèòü, ÷òî∑
j∈δ1

Tj +
∑
j∈δ2

Tj =
∑
j∈α

Tj +
∑
j∈β

Tj.

Äàëåå, ïðåäïîëîæèì, ÷òî äëÿ çàäà÷è (14)�(19) íà ìíîæåñòâàõ δ1 è δ2 ñóùåñòâóþò äî-
ïóñòèìûå ïëàíû |xδ1ij , y

δ1
jk|, |x

δ2
ij , y

δ2
jk|, êîòîðûå óäîâëåòâîðÿþò ñëåäóþùèì óñëîâèÿì:

xαij =

{
xδ1ij , j ∈ α \ δ2,
xδ2ij , j ∈ α \ δ1, i = 1, 2, . . . ,m,

(29)

yαjk =

{
yδ1jk, j ∈ α \ δ2,
yδ2jk, j ∈ α \ δ1, k = 1, 2, . . . , p,

(30)



Æóñóïáàåâ À., Òîêòîøîâ Ã.Û. 9

xδ1ij + xδ2ij = xαij + xβij, j ∈ β, i = 1, 2, . . . ,m, (31)

yδ1jk + yδ2jk = yαjk + yβjk, j ∈ β, k = 1, 2, . . . , p, (32)

min

{
Qj − ζαj , Qj − ζβj

}
6 Qj − ζδ1j , Qj − ζδ2j 6 max

{
Qj − ζαj , Qj − ζβj

}
, (33)

ãäå |xαij, yαjk| � îïðåäåëåííûé ïëàí çàäà÷è (14)�(19) íà ìíîæåñòâå α, |xβij, y
β
jk| � íà ìíîæå-

ñòâå β.

Òîãäà äëÿ äîêàçàòåëüñòâà äîñòàòî÷íîãî óñëîâèÿ ïðèìåíèìîñòè ìåòîäà ïîñëåäîâàòåëü-
íûõ ðàñ÷åòîâ äîñòàòî÷íî ïîêàçàòü, ÷òî

s(δ1,δ2) =
∑
j∈δ1

m∑
i=1

cijx
δ1
ij +

∑
j∈δ1

(
p∑

k=1

ψjk(y
δ1
jk) + ψj(Qj − ζδ1j )

)
+

+
∑
j∈δ2

m∑
i=1

cijx
δ2
ij +

∑
j∈δ2

(
p∑

k=1

ψjk(y
δ2
jk) + ψj(Qj − ζδ2j )

)
−

−
∑
j∈α

m∑
i=1

cijx
α
ij −

∑
j∈α

(
p∑

k=1

ψjk(y
α
jk) + ψj(Qj − ζαj )

)
−

−
∑
j∈β

m∑
i=1

cijx
β
ij −

∑
j∈β

(
p∑

k=1

ψjk(y
β
jk) + ψj(Qj − ζβj )

)
6 0. (34)

Äåéñòâèòåëüíî, òàê êàê |xδ1ij , y
δ1
jk|, |x

δ2
ij , y

δ2
jk| íå ÿâëÿåòñÿ îïòèìàëüíûì ïëàíîì ñîîòâåò-

ñòâóþùèõ çàäà÷, òî ñïðàâåäëèâû íåðàâåíñòâà

P (δ1) 6
∑
j∈δ1

m∑
i=1

cijx
δ1
ij +

∑
j∈δ1

(
p∑

k=1

ψjk(y
δ1
jk) + ψj(Qj − ζδ1j ) + Tj

)
,

P (δ2) 6
∑
j∈δ2

m∑
i=1

cijx
δ2
ij +

∑
j∈δ2

(
p∑

k=1

ψjk(y
δ2
jk) + ψj(Qj − ζδ2j ) + Tj

)
.

Ñëåäîâàòåëüíî, s(δ1,δ2) 6 s(δ1,δ2), ïîýòîìó èç s(δ1,δ2) 6 0 ñëåäóåò s(δ1,δ2) 6 0.

Èñïîëüçóÿ óñëîâèÿ (29)�(32), èç (34) ïîëó÷àåì

s(δ1,δ2) =
∑
j∈β

p∑
k=1

ψjk(y
δ1
jk) +

∑
j∈β

p∑
k=1

ψjk(y
δ2
jk)−

∑
j∈β

p∑
k=1

ψjk(y
α
jk)−

∑
j∈β

p∑
k=1

ψjk(y
β
jk)+

+
∑
j∈β

ψj(Qj − ζδ1j ) +
∑
j∈β

ψj(Qj − ζδ2j )−
∑
j∈β

ψj(Qj − ζαj )−
∑
j∈β

ψj(Qj − ζβj ). (35)

Èç (35), èñïîëüçóÿ ñâîéñòâà âûïóêëîñòè ôóíêöèé, èìååì
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∑
j∈β

p∑
k=1

ψjk(y
δ1
jk) + ψjk(y

δ2
jk)− ψjk(y

α
jk)− ψjk(y

β
jk)+

+
∑
j∈β

ψj(Qj − ζδ1j ) + ψj(Qj − ζδ2j )− ψj(Qj − ζαj )− ψj(Qj − ζβj ) 6 0. (36)

Òàêèì îáðàçîì, äîñòàòî÷íûå óñëîâèÿ (27) ïðèìåíèìîñòè ìåòîäà ïîñëåäîâàòåëüíûõ ðàñ-
÷åòîâ äîêàçàíû äëÿ çàäà÷è (26) â ïðåäïîëîæåíèè î ñóùåñòâîâàíèè äîïóñòèìûõ ïëàíîâ
|xδ1ij , y

δ1
jk|, |x

δ2
ij , y

δ2
jk| óäîâëåòâîðÿþùèõ óñëîâèÿì (29)�(33).

Îñòàåòñÿ âûÿñíèòü, ñóùåñòâóþò ëè äëÿ ðàññìàòðèâàåìîé çàäà÷è òàêèå äîïóñòèìûå
ïëàíû. Äîêàçàòåëüñòâî ýòîãî óòâåðæäåíèÿ íå áóäåì çäåñü ïðèâîäèòü, òàê êàê îíî ïðîâî-
äèòñÿ àíàëîãè÷íî ïðèâåäåííîìó äîêàçàòåëüñòâó â [12].

Ïðèâåäåííîå äîêàçàòåëüñòâî óñëîâèÿ (27) äëÿ çàäà÷è (26) ïîçâîëÿåò èñïîëüçîâàòü äëÿ
íàõîæäåíèÿ m

δ⊂s
in{P (δ)} êîìáèíàòîðíûé ìåòîä ðåøåíèÿ çàäà÷ ðàçìåùåíèÿ [12], îñíîâàí-

íûé íà ìåòîäå ïîñëåäîâàòåëüíûõ ðàñ÷åòîâ, ïðåäëîæåííîì â [13].
Ñóùíîñòü ýòîãî ìåòîäà ñîñòîèò â çàìåíå èñõîäíîé çàäà÷è áîëåå ïðîñòîé âñïîìîãàòåëü-

íîé ëèíåéíîé çàäà÷åé, äëÿ êîòîðîé óäàåòñÿ íàõîäèòü îïòèìàëüíûå ðåøåíèÿ. Â îòëè÷èå
îò êëàññè÷åñêèõ ìåòîäîâ îïòèìèçàöèè, ïðåäëîæåííûé êîìáèíàòîðíûé ìåòîä ïîçâîëÿåò íà
îñíîâå ÷àñòè÷íîãî ïåðåáîðà íàéòè ãëîáàëüíûé îïòèìóì èñõîäíîé çàäà÷è. Äðóãèìè ñëîâà-
ìè, âìåñòî 2m âîçìîæíûõ âàðèàíòîâ ïðèõîäèòñÿ ïðîñ÷èòûâàòü ëèøü m2 v m3 âàðèàíòîâ.

Çàêëþ÷åíèå. Äîêàçàíî äîñòàòî÷íîå óñëîâèå ïðèìåíèìîñòè ìåòîäà ïîñëåäîâàòåëüíûõ
ðàñ÷åòîâ äëÿ äâóõýòàïíîé çàäà÷è ðàçìåùåíèÿ ïðîèçâîäñòâà è ïåðåðàáîòêè ñ íåëèíåé-
íûìè ôóíêöèÿìè òðàíñïîðòíûõ, ïðîèçâîäñòâåííûõ çàòðàò è çàòðàò íà ïåðåðàáîòêó ïðè
ðàçëè÷íûõ îãðàíè÷èòåëüíûõ óñëîâèÿõ. Ïðåäëîæåí êîìáèíàòîðíûé ìåòîä îïòèìèçàöèè
ðàçìåùåíèÿ, îñíîâàííûé íà ìåòîäå ïîñëåäîâàòåëüíûõ ðàñ÷åòîâ, ïîçâîëÿþùèé âû÷èñëèòü
îïòèìàëüíûé âàðèàíò ðàçìåùåíèÿ ýëåìåíòîâ ñåòåé èíæåíåðíûõ êîììóíèêàöèé è ïëàí
(îáúåì) òðàíñïîðòèðóåìîé ïðîäóêöèè îò èñòî÷íèêîâ ê ïîòðåáèòåëÿì ïî êðèòåðèþ ìè-
íèìóìà ñóììàðíûõ çàòðàò íà ïðîèçâîäñòâî ñûðüÿ, åãî ïåðåðàáîòêè è òðàíñïîðòèðîâêè.
Ïðåäëàãàåìûé ìåòîä ïîçâîëÿåò, õîòÿ è ïîñðåäñòâîì ÷àñòè÷íîãî ïåðåáîðà, íàõîäèòü
ãëîáàëüíûé ýêñòðåìóì ìíîãîýêñòðåìàëüíîé çàäà÷è ñ ëþáîé ñòåïåíüþ òî÷íîñòè.
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